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Abstrat
We takle the problem of the aelerating universe by reonsidering the most general form of the metri
when the speed of light is allowed to evolve with time in a homogeneous and isotropi universe. A new varying
speed of light (VSL) model naturally emerges. We nd it unonvenient to perform a general oordinate
transformation to obtain the usual onstant gtt as suh an operation would mask the relation existing
between the evolution of the sale fator and the frequeny shifts. In the model proposed the expansion rate
and the aeleration of the universe turn out to be apparent eets indued by the evolution of the speed of
light. The model is beneial in that no sort of exoti (and so far unobserved) uids, not even a osmologial
onstant, are needed for our solutions to be ompatible with observations. Only dust and radiation are put
into the energy-momentum tensor and these are found to be suient to reah the ritial density for the
model and therefore to obtain a spatially-at universe. The eld equations for the model are derived and
solved. Among others, one fashinating possibility is that of an eternally bouning universe. The relation
with the varying-α
em
results is disussed.
∗
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1 Introdution
It onits with one's sienti understanding to oneive a thing whih ats but annot be ated
upon.
A. Einstein on the onept of absolute spae.
Many authors have reently proposed osmologial models where a variation with osmologial time of the
universal onstants, in partiular of the speed of light, is hypothesized as a viable alternative to the widely
aepted inationary sheme in order to solve the lassial problems of osmology (see [1℄ and referenes therein
for a omprehensive review of the topi).
Attempts in this diretion started about ten years ago with Moat [2℄ who onsidered a sudden hange in
the speed of light and disussed the osmologial impliation of suh a phase transition. The same kind of
variation was used a few years later by Albreht and Magueijo to propose their c-varying model that, under
ertain onditions, presents no osmologial problems. A model for the universe with c evolving aording to
a power law was proposed in the same year by Barrow [4℄, who also looked for solutions to the eld equations
and set the onstraints under whih his solutions solve the lassial problems.
Other authors also opted for a ontinuously varying c(t), see for instane [5℄, where Belinhón and Alfonso-
Faus introdued the Plank's onstant in the eld equations via the Stefan-Boltzmann law, disussed the gauge
invariane for the Shrödinger, Klein-Gordon-Fok and Maxwell's equations and showed that their model does
not present the so-alled Plank's problem. See also the revised version [6℄. In other works (see e.g. Bel in
[7℄), the speed of light diretly aquires the role of the reiproal of the sale fator, with the metri divided by
c2, and the dimensionality of a length squared preserved through multipliation by an appropriate onstant.
Another interesting way to introdue a varying speed of light is the bimetri theory of gravity proposed
by Clayton and Moat [8℄ where the issue of dieomorphism invariane is elegantly approahed by assuming
the presene of two dierent metris whih implies a dierent speed for gravitons and photons. This model is
apable to solve the lassial osmologial problems as easily as ination does but, ontrary to ination, it does
not need ne tunings or unnaturally at potentials
1
. More reently [9℄, Clayton and Moat have shown that
their bimetri theory predits a sale-invariant spetrum for osmologial perturbations whih is ompatible
with CMB data but distinguishable from the inationary predition.
Despite some evidenes for a varying ne-struture onstant α
em
[11, 12, 13, 14, 15℄ (ontested for instane
in [16℄ and rebutted in [17℄), whih at the time being represent the only observative evidene for the variation
with redshift (and therefore with time) of (at least) one universal onstant, there are some authors who ontest
the very meaning of stating that the speed of light might be not onstant (see e.g. in [18℄). The most popular
objetion seems to be that, after all, it all boils down to the hoie of a system of units through whih one an
see a varying-α theory as if h or e were time dependent instead of c, or together with c, or nally in any possible
ombination of the three (see also [19℄ for a reationary view on varying-c theories). This objetion deserves
onsideration even if, in the general ase, the appropriate redenition of units has to be ontinuous in, say, the
osmi time.
After some 15 years from their disovery, the disussions about the meaning of VSL theories is going on.
A reent opposers' viewpoint may be found in [20℄ where a sort of general hek list aimed to deide if a VSL
model merits onsideration at all is proposed. This list however does not seem to take into aount the dierent
ways and purposes to introdue a VSL mehanism, and the true intention seems to show that introduing a
VSL is equivalent to upset the very basis of modern physis, whih is ertainly not the ase in general and
surely is not true for the model presented in this paper.
The arguments presented in [20℄ have been quikly replied in [21℄ where a partiularly illuminating example
an be found (see setion II). It relates to aeleration of gravity, the one-believed onstant g, and makes lear
how the arguments put forth by the opposers of VSL theories ould have well applied at the time of Newton
1
For a review about the most important problems with the inationary paradigm see, for instane, [10℄.
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against any proposals that g were not onstant. This wonderful example should make lear to anyone how suh
hoies really depend on the knowledge of physis at a given time. Saying that c is onstant beause so we
have deided (so we have dened units) is not dierent from insisting that g is onstant beause so Galileo had
deided. As Galileo was wrong beause at his time he ould not measure g at a large distane from the Earth
surfae, so we may well be wrong beause in no way we an know now what the speed of photons was 109 years
ago (see the next setion for what we exatly mean with the speed of photons has varied). We do not know if
the speed of light has varied or not, but it is sure that it is a possibility that worths be investigated.
As said, the reported evolution of α
em
may also be attributed to a varaition of e or ~. An example of a
time-dependent α
em
desribed by a varying-e theory, we address the works by Bekenstein [22, 23℄ and their
generalization by Barrow, Magueijo and Sandvik [24℄ (the BSBM model). Sometimes the variation of α
em
has
been onsidered together with that of G. Time-dependent G theories date bak to the well-known works by
Dira [25℄ and by Brans and Dike [26℄. More reently Barrow and Magueijo have studied the behaviour of
Brans-Dike osmologies with a varying speed of light [27℄. See also [28℄ for a parallelism between Brans-Dike
osmologies and varying speed of light theories.
While, for the reason given above, a variable ne-struture onstant  whose variation has been reently
ontested, see [29℄ and referenes therein  annot be taken as an evidene for a variation of the speed of light
with osmologial time, it is ertainly inorret to onsider a variable speed of light meaningless or tautologial.
The whys, learly explained in [1℄ (hapter two), are easily summarized as follows. Sine α
em
is a dimensionless
quantity, no matter whih system of units one hooses to adopt, if α
em
evolves with time, it will do so whatever
the units employed. As a onsequene, if α
em
= e2/c~ depends on osmi time then at least one of the universal
onstants c, h or e must depend on osmi time as well. Suppose now to have a varying-α
em
theory with, say,
a time-dependent c, and that suh a theory has a simple dynamial struture. It is then ertainly true that, by
means of an appropriate units transformation, one an always rewrite that varying-α
em
theory so as to have a
onstant c and, say, an evolving e, but by doing so one may end up with an unneessarily ontrived formalism
whih was muh more elegant and simple in the varying-c sheme. Besides, given that α
em
is dimensionless
and therefore annot be made onstant by means of any transformation of units whatsoever, it is lear that in
the new system of units e and/or h would be time dependent, and it is not lear why the variation of e and h
should be regarded as less problemati than the variation of c.
I wish to remark that this simpliity argument is not (as some might think) too weak to justify a varying-c
osmology. Let me remind that even the most primitive denitions adopted in physis are justied by similar
arguments, the most outstanding example being perhaps the dinition of time (see [30℄ par 1.5 page 23). We
dene time by means of regular and periodi phenomena not beause it ould not be done otherwise, but beause
we want a unit of time whih is the same now and tomorrow, a feature whih failitates a omparison between
physial phenomena whih are distant in time and guarantees that the equations of dynamis look simple.
It is also to be onsidered that the experimental tests proposed in [31℄ show how varying-c and varying-e
models may behave dierently and ould then in priniple be distinguished if the experimental preisions were
to reah a suiently high level. Proposed tests span from the weak equivalene priniple to the dark matter
needed to t quasar data to earth-based gravitational redshift experiments (Pound-Rebka-Snyder). For all these
tests, Magueijo, Barrow and Sandvik [31℄ have shown that varying-c and varying-emodels predit dierent when
not opposite results. Finally, when a more omplete and fundamental theory of physial phenomena will be
available, we ould eventually disover that one or more of what we now believe to be fundamental onstants
may in fat be derived quantities or just one of the fators ombining to form a more fundamental onstant.
This, of ourse, would spoil that quantity of the role of fundamental onstant.
To the best of our knowledge, assuming that the evidene for a variation of α
em
will reeive independent
onrmations, it is presently impossible to predit whih of the three onstant α
em
is made of is fundamental
or not. We an only make guesses based on simpliity arguments. This priniple of simpliity is the one that
we will follow in the present work. It will be seen that one annot rewrite this model in terms of a onstant c(t)
without paying the prie of ompliating the dynamis (e.g. by working with a ontinuously hanging system
of units) and making omparison with observations unneessarily indiret and ompliated.
So far, works on VSL theories have mainly foused on showing that these theories are a viable alternative
3
to the inationary sheme, espeially when dealing with the solution to the lassial problems of osmology. In
this paper we present a VSL model that provides an interesting solution to the puzzle of the aeleration of the
universal expansion disovered some years ago [32℄ (for a more reent paper see [33℄).
Instead of introduing exoti and so-far-unobserved forms of dark matter-energy, we introdue only radiation
or dust as soures in the energy-momentum tensor. We show that a universe lled with suh normal ontent
(and where the speed of light is varying) appears to aelerate even if the atual state of motion is not that of an
aelerated expansion. Naïvely, this is due to the fat that instruments measure frequenies but the dynamis
of the sale fator is represented by the evolution of wavelengths (see appendix A). Beause of the relation
λν = c, if the speed of light varies with osmologial time, the inverse proportionality between wavelengths and
frequenies is lost and apparent eets arise.
The paper is organized as follows. In setion 2 we derive the general metri to be used under the approah
proposed in the paper. In setion 3 we introdue the onept of apparent sale fator and disuss how it is linked
to the lassial sale fator. In setion 4 we give the expressions for the main tensorial quantities deriving from
the metri proposed. Setion 5 ontains the phenomenologial ore of the paper: we show that the aeleration
of the universe may be an apparent eet and derive under whih irumstanes suh an eet takes plae. In
setion 6 we solve the eld equations in the ase of spatial atness and show that a universe omposed of dust
and/or radiation only atually meets the ondition derived in setion 5 under whih an apparent aeleration is
observed. In setion 7 we perform some onsisteny heks to verify that the model proposed is both internally
onsistent and onsistent with the relevant observative results. The summary is given in setion 8.
2 Postulates of the model and natural emergene of a VSL
Most of the non-bimetri VSL models have been developed postulating that the speed of light has varied with
osmologial time, either in a sharp phase transition or ontinuously. Suh variation is assumed to aet the
loal onservation equation (the eet is speial relativisti), but not the eld equations [3℄. The dependene
of the speed of light c on osmologial time is simply aounted for by making the diret substitution c→ c(t)
wherever appropriate.
On the ontrary, in our approah the form of the metri is aeted by the evolution of c(t). As we have
found that this position is onsidered questionable by many who are aostumed with standard osmology,
we dediate this setion to disuss the issue. As is well known, general relativity exhibits an invariane under
general oordinate transformations. This implies, for instane, that we ould in priniple operate an appropriate
transformation of the time variable so as to obtain a metri where c is onstant. The advantage of operating
suh a transformation would learly be the redution of the degrees of freedom from two to just one, the sale
fator a(t), and the usual FLRW metri would then be reovered. However obvious the naturalness of suh
an operation ould appear, performing it is not at all ompulsory, again beause of general ovariane. The
hoie is one of onveniene and is ditated by the advantages and disadvantages implied by it. The question
should be: does suh an operation imply a global advantage or a global disadvantage? The answer depends of
ourse on what the purposes of one's work are. We will nd that, as far as omparison between the results of
the model with observative evidenes is onerned, operating the mentioned transformation would reate more
interpretative problems than the omputational problems it would save us from. Therefore we nd it simply not
onvenient to hange the oordinate set, just as we do not use a meter stik whose length osillates, inreasing,
for instane, during the day and dereasing during the night: while perfetly possible, omparison of lengths of
other objets and its use in general would beome an awkward task.
Let us see examine the details of the problem. We start as usual with a four dimensional manifold endowed
with some arbitrary metri and label a generi set of oordinates with x0, x1, x2 and x3, all having the dimension
of a length. The last three are hosen to be some spatial oordinates of onveniene, for instane the spherial
oordinates, while the x0 oordinate must represent time in some way. In view of the osmologial appliation
we next onsider the restritions imposed on it by assuming the validity of the osmologial priniple. In the
4
ase of spatial atness
2
, the most general line element ompatible with the osmologial priniple is:
ds2 = b2(x0)(dx0)2 − a(x0)2 ~dr2 (1)
where b(x0) and a(x0) are some funtion of x0. Note that we have hosen the x0 diretion in suh a way to make
the gti elements vanish
3
. Here we may set b(x0) = 1 with no loss of generality as suh an operation amounts to
a redenition of the meter, whih annot aet physial results (what we an measure is the ratio a(x0)/b(x0)).
We then obtain:
ds2 = (dx0)2 − a(x0)2 ~dr2 (2)
where we have not bothered to rename the variable x0 and the funtion a(x0). The hoie made implies that no
further simpliations an arise from hanging units after this stage, otherwise one should put b(x0)
2
or some
other appropriate funtion bak into the metri.
The next step is to introdue time in the metri, both for sake of visualization (after all we do think in
terms of time) and to make a omparison with the observation, in partiular, with the redshifts or frequeny
shifts. What is the most onvenient hoie in our ase, that is, in the ase where one wants to onsider the
possibility of a time-dependent speed of light? One onstraint is given by the fat that experiene shows that
physis is speial-relativisti at a loal level so that x0 = tc must hold loally. Here c is the loally4 measured
speed of light and t is the proper time along uid worldlines (this time variable is global if spae-time is at).
The general transformation whih is ompatible with both this loal limit and the osmologial priniple is
therefore x0(t) = tc(t) where c(t) redues to the loally measured speed of light c. We remark that here we are
substituting Lorentz invariane with loal Lorentz invariane, see [34℄.
From x0(t) = tc(t) it follows that
dx0 = (c(t) + tc˙(t)) dt (3)
so that, in terms of the familiar oordinates, gtt beomes:
gtt = (c+ tc˙)
2
(4)
where we have dropped the time dependene stipulating that, from now on, c is always to be onsidered
time-dependent unless otherwise stated. This implies that, under the restritions imposed by the osmologial
priniple, the most general line element to be used in this varying-c model is
ds2 = (c+ tc˙)2dt2 − a2 ~dr2 (5)
where, we repeat, spatial atness has been assumed.
At this point one would be tempted to redene the time variable so as to obtain a onstant speed of light:
c(t) = c0. However, ontrary to what happens in standard osmology, performing suh an operation happens
to be not onvenient in our ase, and we dediate the remainder of the paragraph to see why.
We rst disuss the importane of onsidering the loal limit. By onstrution, the t variable used in the
previous expression is the time of speial relativity and, therefore, the time tiked by loks at rest in a given
referene frame. It follows that, in a osmologial setting, this time variable an be used as the proper time in
the omoving frame that is, the time measured by loks at rest with respet to the referene frame omoving
with the osmologial uid. If we assume that the relevant emission and absorption properties have not hanged
with time, then the use of suh time variable guarantees that emission and absorption frequenies are numerially
the same now and at any time. This property is important beause it is preisely the requirement a time variable
must fulll for the observed redshifts to be ompletely asribed to the osmologial expansion.
We remark that this property remains true if and only if we use, up to a onstant fator, the time variable
given above. Indeed any oordinate hange t → t′ aimed to redue gt′t′ to a onstant would have to be time-
dependent, t′ = t′(t) (any spae dependene is forbidden by the osmologial priniple), and this would imply,
2
The extension to the spatially urved ase is straightforward.
3
This is not dierent from what one does in standard osmology upon hoosing synhronous time as a time oordinate of
onveniene.
4
With loally we are meaning here at a given x0, that is, on a given hypersurfae of simultaneity.
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among other things, that all emission frequenies, if expressed in terms of the new t′ variable, ould be dierent
at dierent times t′, i.e. moving from one spaelike hypersurfae to another. On the ontrary, by using the time t,
we are sure that we are using physial frequenies. It is evident that the ruial drawbak of some transformation
of the time variable would be that we ould not anymore ompare properties of radiation emitted in the past
with what is known from earth-laboratory physis in a straightforward way. In partiular any estimation of
redshifts would neessitate a distane-dependent orretion before omparison to earth-laboratory physis ould
be made.
To see this point more learly, let us attempt the onversion to an appropriate oordinate set to obtain a
onstant speed of light. We ould for instane transform the time variable t in the following way:
(c+ c˙t
old
)2dt2
old
−→ c20dt2new. (6)
In this new referene frame the speed of light is onstant but what are the onsequenes of suh a transfor-
mation? Probably the most evident is that while any given physial phenomenon (say, an atomi transition)
whih in terms of the t
old
variable lasted t¯
old
seonds at some epoh of the past will, by onstrution, also last
t¯
old
seonds today, the same annot be true in the t
new
frame or in terms of any other time variable dierent
form t
old
(up to a onstant fator). The unpleasant onsequenes of the hoie of some given t
new
are evident:
the measured frequeny shift experiened by any given radiation would have to be asribed to two dierent
ontributions, one being the usual osmologial expansion eet and the other being the ontinuously hanging
emission/absorption frequeny of the related atomi transition (due, as some put it, to the evolving time unit)
to whih we ompare the radiation to get the redshift. Only the rst eet ould be related to the dynamis
of the sale fator and, as the measured redshift  whih is measured by antennae whih, of ourse, measure
frequenies and not wavelengths  would arry the imprints of both eets, we would have to disentangle these
two eets. Depending on the exat expression for t
new
= t
new
(t
old
), the omparison with the observations would
require a distane-dependent orretion whih ould turn out to be an arbitrarily ompliated and useless task
as, beause of general ovariane, the results onerning the physial observables would in the end be the same.
One onlude then that while in the t
old
frame the omparison between the theory and the observations
is, by onstrution, straightforward, in the t
new
frame it ould turn out to be unpreditably ompliated.
Sine, beause of general ovariane, physial results, and in partiular the evolution obtained for the physial
observables, would turn out to be the same, there is no good reason to introdue a new, unonvenient time
variable. This is why we will stik to the most simple hoie and will keep working with the t
old
variable.
This disussion should have made lear the simpliity argument we have been referring to: we use the
varying speed of light frame and the related time unit beause it is in this frame and only in this frame that
the observed wavelength shift is purely osmologial. We lose by noting that this remark allows to dene what
we do mean with a varying speed of light in a somewhat expliit form. Consider a physial phenomenon by
whih radiation of a given frequeny is emitted. Think of the same phenomenon taking plae at some time in
the past and today. We have adopted the unit/frame by whih the frequenies in the two ases are the same.
Observe, for the two ases separately, the length a light ray an travel in, say, a unit of the time variable we
have adopted. We will say that the speed of light has varied if that length is dierent for the two situtations.
3 The apparent sale fator
The most enlightening way to study the onsequenes of the modiation to the tt oeient of the metri
indued by the variable speed of light and obtained in the last setion is probably that of nding a relation to
link the evolution of the sale fator a(t) (whih represents the atual dynamis of the universe) with another
variable, whih onveniently represents the evolution of the sale fator as seen by an observer who is not taking
the variation of the speed of light into aount (heneforth referred to as the onstant-c observer). We will
denote suh variable with A(t) and will refer to it as the apparent sale fator.
As a rst step toward this goal we have to re-express the evolution of a(x0) in terms of that of a(t). In fat
the former will be seen to play the role of a bridge whih onnets the atual and the apparent sale fators.
6
From the evolution of a(x0) we will then be able to derive the evolution of the apparent sale fator.
As already said, A(t) represents the evolution of the sale fator as seen by onstant-c observers. In pratie,
this means that A(t) is what is usually obtained when estimating the evolution of a(t) from observations. As
will be made lear later, it is the onfusion between a(t) and A(t) whih gives rise to the apparent eet of the
aeleration in the expansion of the universe: A(t) aelerates while a(t) (the universe) does not.
A preliminary remark will be helpful in understanding what follows. We reall that, whatever the method we
may hoose to perform any measurement on a osmologial sale, we have to use distant objets or, better, the
radiation we reeive from them. This radiation reahes us by travelling through spae-time, along the worldline
whih separates the two events: (A) radiation emitted by the objet, (B) radiation reeived by our instruments.
Photons from these objets or from the LSS (Last Sattering Surfae) have travelled their long way through
spae-time to reah our satellites and, in doing so they have experiened, event after event, the dynamis of the
gravitational eld, both the spatial and time metri oeients ontinuously varying along their paths. The
diret onsequene of this fat is that, in our model, the eets we measure annot be asribed to the variation
a(t) alone. In partiular, in a ontinuosly varying-c theory, it is inorret to identify the shift in the frequenies
of a photon with the evolution of the sale fator a(t).
As antiipated, a way to takle this problem is to aount for suh additional dynamial eets by providing
the relation existing between the evolution of the sale fator and that of the apparent sale fator. To aomplish
this task, the rst step is to alulate d
√
grr/dx
0
in terms of a˙(t). What we obtain is
d
√
grr
dx0
=
d
c(t) dt+ t dc
a(t) =
d
(c+ tc˙) dt
a =
a˙
(c+ tc˙)
. (7)
This result will provide us with a onnetion between the observed and the atual dynamis of our universe.
Let us denote this quantity with a` = a`(t) just to have a onise notation5 for the last term in equation (7). We
may then rewrite the last equation as
a` =
a˙
(c+ tc˙)
(8)
In what follows we will show that this variable works like a sort of bridge between a˙(t), the dynamis of the
universe, and A˙(t), whih is what is atually obtained when estimating a˙(t) from measured frequeny shifts of
the radiation oming from distant objets. Before we an give the exat relations whih link these two variables
and their derivatives, we need to alulate the basi tensor quantities for the present model. This is done in the
next setion.
4 Basi tensor quantities
The new metri in spherial oordinates for a FLRW universe with a time-dependent speed of light is:
gµν =


[
c(t) + tc˙(t)
]2
0 0 0
0 − a
2(t)
1− kr2 0 0
0 0 −r2a2(t) 0
0 0 0 −r2a2(t) sin2(θ)

 (9)
5
We hoose not to use the prime
′
to avoid onfusion with the established notation whih denotes the derivative with respet to
onformal time.
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whih yields the following onnetion oeients with a ontravariant t index:
Γtβγ =


∂t[c+ tc˙]
c+ tc˙
0 0 0
0
ac˙
(1− kr2) (c+ tc˙)2
0 0
0 0
r2aa˙
(c+ tc˙)2
0
0 0 0
r2aa˙ sin2(θ)
(c+ tc˙)
2


(10)
The onnetion oeients with a spatial ontravariant index are the same as those for the FLRW metri. In
fat gtt depends on t only and no further hanges have been made in the usual FLRW metri, thus the spatial
Γ's are left untouhed.
The Rii tensor is diagonal and its omponents are:
Rtt =
−3 (c+ tc˙)
a
d
dt
[
a˙
c+ tc˙
]
(11)
Rrr =
1
(1− kr2)
[
2k +
1
a (c+ tc˙)
d
dt
(
aa˙2
c+ tc˙
)]
(12)
Rθθ = r
2 (1− kr2)Rrr (13)
Rφφ = r
2 sin2(θ) (1 − kr2)Rrr = sin2(θ)Rθθ (14)
The omponents of the Einstein tensor are:
Gtt =
3
a2
·
[
k +
a˙2
(c+ tc˙)2
]
(15)
Grr = G
θ
θ = G
φ
φ =
=
1
a2
[
k +
1
(c+ tc˙)
d
dt
(
aa˙
c+ tc˙
)
+
a
(c+ tc˙)
d
dt
(
a˙
c+ tc˙
)]
=
=
1
a2
[
k +
1
aa˙
d
dt
[(
aa˙
c+ tc˙
)2]
− 1
a2
(
aa˙
c+ tc˙
)2]
=
=
1
a2
[
k +
1
a
d
dt
(
a˙
(c+ tc˙)2
)
+
a˙
a(c+ tc˙)2
d
dt
[log(aa˙)]
]
=
=
1
a2
[
k +
2a
(c+ tc˙)
d
dt
(
a˙
c+ tc˙
)
+
a˙2
(c+ tc˙)2
]
=
=
1
a2
[
k +
1
a˙
d
dt
[(
aa˙
c+ tc˙
)2]]
.
(16)
where we have given several dierent expressions for Grr = G
θ
θ = G
φ
φ as eah of them turns out to be
useful depending on the situation. In some of these expressions non-vanishing denominator(s)/argument(s) are
assumed so their use is subjet to a preliminary hek of suh ondition(s).
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Finally, the urvature salar is onveniently expressed as:
R = − 6
a2
·
[
k +
1
(c+ tc˙)
d
dt
(
aa˙
(c+ tc˙)
)]
. (17)
5 Apparent aeleration in a at universe
Here we establish the existene of apparent eets that, in our model, are measured by onstant-c observers.
We disuss the relation between the atual and the apparent evolution of these sale fators. We will show that
suh a universe appears to be in an aelerated expansion (A˙, A¨ > 0), when its atual motion is that of an
aelerated ontration, i.e., when the sale fator a(t) is a dereasing funtion of t.6
As already remarked, any measurement made by observing some kind of radiation oming from another event
in spae-time is a test of the evolution of both the spatial and the time omponents of the metri. Therefore,
what we eetively estimate is the apparent motion of the universe as desumed from frequeny measurements
performed by our instruments. Of ourse all of the existing estimations have been performed without taking
into aount a possible variation of c(t) with osmologial time. It follows that any diret omparison between
observations and the theory are intrinsially awed if c(t) is time-dependent. In fat, a diret omparison
inevitably leads to a wrong guess for the behaviour of a(t). More preisely, it leads to a onfusion between a(t)
and A(t).
What we set out to prove now is that a homogeneous and isotropi universe with a varying speed of light
and lled with normal ontent only (that is, without exoti matter or a osmologial onstant) may appear
to be in an aelerated expanding motion, this apparent eet being aused by a variation of the speed of light.
We provide two ways to show what we have just laimed. The rst way is rather simple and makes use
of the relation existing between the wavelength and the frequeny of a given wave whih, in the ase of an
eletromagneti wave propagating in vauum is: λν = c. It onsists in alulating the apparent and the real
evolution of the wavelength starting from a given measurement of the frequeny of the same wave and onsidering
the variation of c with time. It is lear that this method is well founded only if we are making a omparison
between what is reorded when observing radiation oming from a distant objet and what is known about
atomi physis and atomi spetra. The seond method is more general and applies to any possible ase. The
two methods give the same results.
5.1 Motivations for spae-time atness
Before looking into the rst proof we need an intermediate result. In fat, the starting point of both proofs is
to require that the urvature salar vanishes. In this paper we limit ourselves to the study of a spatially at
universe (k = 0)7 so that the requirement beomes
R(k=0)=0. (18)
This assumption may appear ontroversial so we will dediate a few lines to disuss it in some detail.
First we remark that, while the vanishing of the Rii salar is assumed, we an easily argument that the
Rii salar, whatever its value, should remain onstant. In fat the gravitational interation, in its geometri-
al representation, is desribed by the dynamis of a four-dimensional manifold whih, in a sense, mimi a
gravitational eld. The urvature of this manifold is expressed by the Riemann tensor. By ontrating this
tensor two times, one obtains the Rii salar whih, therefore, is the salar quantity that best represents the
urvature of the manifold [35℄.
6
As we will soon show, this is not in ontradition with the Hubble law.
7
The spatially urved ase will be disussed in a paper under preparation.
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In a osmologial setting, for a homogeneous and isotropi universe, the form of the metri is that of
Robertson-Walker, i.e., that of a maximally symmetri spae so that, in the FLRW as well as in our model
(whih an be seen as a VSL extension of the FLRW model) the Rii salar R an, in priniple, depend on
time t only, and not on the spatial variables: R = R(t).
Next onsider that General Relativity is based on the Einstenian oneption that gravitation in nothing
but the urvature of spae-time, and that this urvature an be generated by mass-energy-momentum and only
by it. Given that, by its very denition, the universe annot interat and exhange mass-energy-momentum
with anything else, it immediately follows that the average spae-time urvature of the universe should not be
allowed to hange with time. As the spae-time urvature an be expressed, for instane, by the Rii salar 
whih beause of the osmologial priniple annot depend on the spatial variables  we arrive at the onlusion
that the Rii salar must remain onstant in time.
We stress that all this disussion applies to a homogeneous and isotropi osmologial setting only. In fat,
in dierent situations, the possibility of exhanging energy-momentum with an outside forbids to follow the
above line of reasoning and therefore the Rii salar annot be onstrained if not in a osmologial ambit.
The fat that R must remain onstant does not however mean that it must vanish. The value zero has
been hosen essentially for two reasons. First, somewhat philosophially, we may say that it seems to be a
natural hoie: an initial ondition must be hosen and deiding that the universe has ome into existene
with no prior spae-time urvature appears to be, in a sense, the most natural one. Seond, more formally, if
we want a lassial universe to emerge from its quantum epoh (and from a possible inationary stage) in a
radiation-dominated state, then we must x R = R
rad
as a sort of mathing ondition. As during this stage
the trae of the energy-momentum tensor vanishes T ≡ T µµ = 0 it follows that R = 0 for any model based on
Einstein eld equations. When this is ombined with the previous remarks, we are led to x R = 0 one and
for all.
We will soon see that the fat that some forms of matter, e.g. dust, do not satisfy T ≡ T µµ = 0 (whih is
implied by R = 0) does not represent a problem for our model. Indeed the variation of c will be seen to indue
additional terms in the omponents of the energy-momentum tensor. These additional terms will in turn indue
a solution to T ≡ T µµ = 0 whih is dierent from ǫ = 3p or from the trivial one, ǫ = 0 (here ǫ is the energy
density), so that xing R = 0 does not onstrain the equation of state in the model we are proposing.
We digress for a moment to note that the assumption R = 0, when made in the standard FLRW osmology,
enfores a radiation-like equation of state (or that of an empty universe). In fat, R
flrw
= 0 implies a(t) ∝
t1/2 and this shows that a at FLRW spae-time seems to be ompatible only with a permanently radiation-
dominated universe. The reation of a net amount of urvature taking plae loally at every point of the
spaelike hypersurfae of simultaneity in the standard FLRW osmology at the transition from the radiation
to the matter dominated epoh (during whih the Rii salar dereases as 1/t2) is hard to explain when one
adopts the viewpoint outlined above. Sine gravity ouples to any kind of energy-momentum, and sine the total
amount of energy-momentum must obviously be onserved during the transition from the radiation-dominated
ot the matter dominated-phase, it follows from the ontrated eld equations that the mean spae-time urvature
represented by the Rii salar must be onserved as well. As already said, this problem does not arise in this
VSL model, where one an impose the vanishing of the Rii salar and still retain the possibility to have any
kind of equation of state that satises the positive energy ondition.
5.2 Consequenes of spae-time atness
The assumption of spae-time and spatial atness, when ombined, turn out to be very useful. From equation
(17), keeping only the last term whih does not ontain k, we get
R =
−6
a2 (c+ tc˙)
d
dt
[
aa˙
(c+ tc˙)
]
= 0 (19)
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whih provide us with a fundamental relation between the sale fator and the speed of light :
aa˙
(c+ tc˙)
= onstant. (20)
The general solution for the sale fator to equation (20) is
a(t) = a0
√
tc
t0c0
(21)
and it is immediate to realize that the only elementary funtion fullling suh requirement is a power law. This
ould have also been seen by noting that, for the left hand side to be onstant, that is, independent from t, the
rst requirement is that both terms in the denominator must have the same dependene on t. This an be so
if and only if c(t) evolves aording to a power law. This fores the numerator to be also a power law funtion.
So, both the sale fator and the speed of light must evolve aording to a power law if the evolution law for
the universal expansion has to be simple.
Imposing for a(t) and c(t) the following forms:
a(t) =
a0
tN0
tN (22)
c(t) =
c0
tM0
tM (23)
with N,M ∈ R, we get (
a0
tN0
)2(
tM0
c0
)
N t2N−1
(1 +M) tM
= onstant (24)
whih immediately yields
M = 2N − 1 (25)
onstant =
a20
2t0c0
(26)
so that equation (20) beomes
aa˙
(c+ tc˙)
=
a20
2t0c0
(27)
We remark that using
√
gtt = c(t) instead of (c+ tc˙) does not allow to obtain the previous relations so that
the whole of the results that follows annot be extended to other ontinuosly-varying speed of light theories. It
is also not possible to draw the onlusion that c(t) and a(t), must be power law funtions.
5.3 An intuitive argument
Keeping the last result at hand, let us now suppose that we have measured the properties of the radiation
oming from a set of distant objets. In partiular let us assume that we have measured the frequeny of a
given emission or absorption line, ompared it with what we already know from atomi physis about that
proess, and have nally dedued a dependene of that frequeny on osmologial time whih an be written as
ν ∝ t−S with S ∈ R. As a dedution, if thinking in terms of a onstant speed of light, we get that A(t) ∝ λ ∝ tS
(let us remember that A(t) is the apparent sale fator, apparent in the sense that it is what is observed by a
onstant-c observer).
Now let us think in terms of a varying speed of light. We have just seen that, if the sale fator behaves
as tN , then the speed of light is proportional to t2N−1, see (23) and (25). From λν = c, we then obtain that
frequenies are proportional to tN−1.
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As our measurements gave ν ∝ t−S , we get that N = 1− S and not S is the orret exponent in the power
law evolution of the wavelength and thus for the sale fator. In other words the sale fator evolves like t1−S
but appears to be evolving like tS :
if a(t) ∝ t1−S then A(t) ∝ tS . (28)
As
A¨(t) > 0 ←→ S < 0 ∨ S > 1, (29)
we dedue that a positive aeleration is deteted when N > 1 or N < 0. In partiular the seond possibility
tells us that a ontrating universe with a varying speed of light manifests itself as a universe that is undergoing
an aelerated expansion, and this is exatly what we set out to show.
The other solution, yielding N>1, is to be disarded for several reasons. For instane, it implies S<0, that
is, the observation of a ontrating universe whih is in ontradition with the experiene. Also, it implies an
inreasing speed of light, whih is really unwanted as the speed of light must derease for the horizon problem
to be elegantly solved by a VSL mehanism. But most importantly we will not onsider the possibility N > 1
sine, as we shall see later, it will be formally exluded upon solving the eld equations. Indeed, it will be shown
that eah solution to the eld equations satises N ∈ [−1/2, 1/2] whih learly exludes N>1.
We remark that the result given above onerning the apparent nature of the aeleration has been ahieved
with no assumption about the ontent of the universe. No exoti matter and/or osmologial onstant have been
introdued. The eet is simply indued by the variation of the speed of light.
5.4 A general proof
The argument exposed in the preeding setion is not rigorous and may not apply in some ases. There is
however a more general way to show how and when an observed aeleratation turns out to be an apparent
eet. We make use of (8) to alulate the evolution for a` in terms of the osmologial time:
a` ≡ a˙
(c+ tc˙)
=
a0
2c0
tN−10 t
−N
(30)
The evolution of a` is a way to represent the dynamis of the manifold and, in a sense, it provides a bridge
between the real and the apparent evolution of the sale fator expressed in terms of osmologial time. In fat,
an observer who does not take into aount the variation of c(t) would pereive an evolution for the apparent
sale fator given by
A˙ = ca` =
a0
2tN0
tN−1. (31)
The ruial point to note is that A˙ is always positive, irrespetive of the value of N . This is a very important
property of this model: no matter whether the universe is expanding or ontrating, the observed (apparent)
motion will always be found to be that of an expansion.
This means that we may well be living in a varying-c universe whose spaelike hypersurfaes are undergoing
a ontrating motion, but suh a universe would anyhow show just the same Hubble law a standard FLRW
universe shows. Therefore, and we stress this very important point, the fat that N< 0 is not in ontradition
with the experimental evidene that we observe redshifts and not blueshifts.
The result for the apparent seond derivative of the sale fator is even more interesting. We make use of
the previous result for the apparent rst derivative of the sale fator to derive the apparent aeleration:
A¨ = c `(c )`a =
N − 1
N
a0
4tN0
tN−2 (32)
As this seems to be a soure of onfusion, we remark that A¨ is not the time derivative of A˙ just as A˙ is not
the time derivative of A. In words, A˙ is the apparent time-derivative of the sale fator, not the time-derivative
of the apparent sale fator: A˙ = (a˙)
app
6= ddt (aapp).
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The previous equation shows that an aeleration for the expansion of the universe is measured if and only
if N<0 ∨ N>1 :
positive aeleration observed ⇐⇒ N<0 ∨ N>1. (33)
Note that this is exatly the same result we have obtained with the rst method. We made no use of the
properties of a wave propagating through spae-time. It is a simple omputation of how modiation of distanes
indued by the osmologial expansion are seen by an observer who does not take into aount the variation of
the speed of light.
The ruial point to note is that A˙ an be positive even when N is negative. It is preisely this result that
allows N to be negative, thus ausing a positive aeleration, without the need for A˙ to be negative as well,
whih of ourse would mean to observe a ontration, in ontradition with the experimental evidene that
we observe redshifts and not blueshifts. This is evident by looking at the summary for the evolution of the
(apparent) derivatives of the three variables a(t), a(x0) and A(t) whih is given in Table 1.
(Apparent) 1
st
derivative (Apparent) 2
nd
derivative
a(t) N tN−1 > 0 for N>0 N(N − 1) tN−2 > 0 for N<0 ∨N>1
a(x0) 12 t
−N > 0 ∀N − 14 t−3N < 0 ∀N
A(t) 12 t
N−1 > 0 ∀N N−14N tN−2 > 0 for N<0 ∨N>1
Table 1: Time evolution for the three sale fators in terms of time. Note that a˙ < 0 if N< 0 but A˙> 0 ∀N .
We stress that A¨ is not the time derivative of A˙ just as A˙ is not the time derivative of A. In words, A˙ is the
apparent time-derivative of the sale fator, not the time-derivative of the apparent sale fator.
Hidden behind the above line of reasoning is the assumption that there is no variation of the emission
properties with osmologial time. Indeed, this feature derives from the hoie of the time variable and is
therefore automatially guaranteed in our model.
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If that was not the ase, we ould not make any omparison
between atomi spetra obtained on earth laboratories, and emission/absorption lines of distant objets. This
issue has already been disussed in setion 2 but a further disussion is perhaps at order, given that the
harateristis of the emitted radiation depend on the ne struture onstant α
em
and that, as mentioned in
the introdution, some reent papers (the last one being [15℄) have reported a very tiny relative variation of this
onstant. We postpone this disussion to setion 7 where the onsisteny of the model with observations and
its preditions are addressed.
6 Field equations and their solutions
We have shown that a universe that appears to be undergoing an aelerated expansion atually is, aording
to the present model, in a state of ontrating motion. Yet we still have to prove that suh a behaviour is a
solution to the eld equations of the model and disuss what the ontent of the universe has to be in order to
obtain it. Our next task will then be that of solving the eld equations. However, one runs into diulties right
from the start. In fat in this model an additional problem arises, that of expressing the energy-momentum
tensor in terms of pressure and energy density. This issue must be takled before we an even write the eld
equations.
6.1 The energy-momentum tensor
The problem is easily explained as follows: in standard osmology one has T 00 = ρ0 whih after lowering an
index using g00 = c
2
, beomes T 00 = ǫ = ρ0c
2
. Here ρ0 is the mass density in the rest frame of the uid and ǫ is
8
Note that the same is instead assumed in standard osmology.
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the related energy density. This shows that one an dene the energy-momentum tensor in terms of the usual
quantities (density of energy, of mass, momenta, pressure, et.) using either ontravariant or mixed indies.
This remains true in VSL theories, even if ρ and ǫ do not have the same time dependene anymore. In this
model this arbitrariness is ompletely lost. To get through this ambiguity, let us use, as a guidane, the way
the metri tensor is dened. The metri tensor gµν is dened in terms of its ovariant omponents beause
multipliation by dierentials dxµ⊗dxν (produt of basis 1-forms) must give the line element whih is a salar.
The other versions, if needed, are to be derived via the usual indies raising proedure.
By the same token, the omponents of the energy-momentum tensor are to be dened in their ontravariant
form. This is easy to see in the simple ollisionless ase where the energy-momentum tensor is dened starting
from four-veloities in the omoving frame: T µν = ρ0β
µβν . Given that four-veloities are four-vetors (dened
with ontravariant indies) the energy-momentum tensor is opportunely dened with ontravariant indies as
well. It is only by lowering an index that we an express T µν in terms of the energy density of the uid. In our
model this gives:
T 00 = ρ(c+ tc˙)
2 =
ǫ
c2
(c+ tc˙)2 = 4N2ǫ. (34)
The reason why we have to solve the eld equations in their mixed-indies form is that the energy density ǫ
must appear in the equations in order to use the equation of state w ≡ p/ǫ.
Straightforwardly extending what we have just seen to the ase where a pressure is present and the energy-
momentum tensor is dened by
T µν =
(
ρ+
p
c2
)
βµβν − pgµν , (35)
we see that the energy-momentum tensor in the mixed-indies representation beomes
T µν =


4N2ǫ 0 0 0
0 −p 0 0
0 0 −p 0
0 0 0 −p

 =


4N2ǫ 0 0 0
0 −wǫ 0 0
0 0 −wǫ 0
0 0 0 −wǫ

 (36)
We stress the great importane of having both N and w appearing in the mixed representation of the
energy-momentum tensor. Without this feature, this model would have had exatly the same problem that
aets standard osmology and that has been already disussed: a hange in the equation of state would imply
a hange in the average urvature of spae-time not deriving from a hange in the total energy-momentum
ontent of the universe, in a agrant ontrast with the very foundations of General Relativity.
6.2 Field equations and Bianhi identities
If one writes the Einstein-Hilbert ation for General Relativity in terms of x0 and variates it, one nds that the
Einstein eld equations are not aeted by the introdution of a varying speed of light. As a onsequene, no
additional terms appear in the eld equations whih therefore have the usual form. Using the energy-momentum
tensor given by equation (36), the quantities given in Setion 4 and introduing the shorthand notation
χ = χ(t) ≡ (c+ tc˙) (37)
we nd that the general eld equations for this model are:
3
a2
·
[
k +
a˙2
χ2
]
=
8πG
c4
4N2ǫ (38)
1
a2
·
[
k +
1
a˙
d
dt
[
aa˙2
χ2
] ]
= −8πG
c4
p = −8πG
c4
w ǫ (39)
where ǫ is the energy density, p is the pressure and w is the ratio p/ǫ representing the equation of state as usual.
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Imposing the one-ontrated Bianhi identities Gµν ;µ = 0, we see that the usual onservation law for the
energy-momentum tensor is no more satised:
T µν ;µ 6= 0. (40)
The Bianhi identities give instead:
(kE T
µ
ν); µ = 0, (41)
the spatial equations being trivial as usual, while the ν = 0 equation for a onstant N 6= 0 is alulated and
onveniently rearranged into:
4N2 kE
(
ǫ˙
ǫ
+ 3(1 +
w
4N2
)
a˙
a
− 4 c˙
c
+
G˙
G
)
ǫ = 0. (42)
Apart from the trivial solution ǫ(t) = 0, the previous equation has the general solution:
ǫ(t) = ǫ0 · G0
c40
· c
4(t)
G(t)
·
(
a0
a(t)
)3(1+ w
4N2
)
(43)
where the index zero refers to an arbitrary time as, for instane, the present time.
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If N = 0, equation (41) beomes
3w kE ǫ
a˙
a
= 0 (44)
whih is an identity given that a(t) ∝ tN .
Using equation (43) the eld equations beome
3
a2
·
[
k +
a˙2
χ2
]
= 4N2 kE0 ǫ0
(a0
a
)3(1+ w
4N2
)
(45)
1
a2
·
[
k +
1
a˙
d
dt
[
aa˙2
χ2
] ]
= −w kE0 ǫ0
(a0
a
)3(1+ w
4N2
)
(46)
where kE0 is the Einstein onstant omputed at the initial onditions imposed upon solving equation (42), its
value being:
kE0 =
8πG0
c40
. (47)
We remark that the evolution of c(t) and G(t) does not aet the right hand sides of the eld equations.
Atually G(t) is ompletely disappeared from the eld equations (only G0, inside kE0, is still present) so that a
possible evolution of G(t) with time has no eet on the dynamis10.
We wish now develop further the analysis of the spae-time at solutions. We will show that indeed this
model admits ontrating solutions that an math observations without requiring the presene of any kind of
exoti matter/energy, i.e., assuming that only radiation or pressureless matter are present.
9
As is ommonly done in standard osmology, we have assumed that w does not vary appreiably over times where the solution
given is used, i.e., we are studying the dust or the radiation-dominated eras.
10
We are assuming that we an introdue a variable G(t) diretly in the eld equation. If the variable G(t) is introdued in the
ation then the eld equations will be dierent form those given above. The results obtained in the paper remain valid in any ase
if one reverts to a onstant G.
15
6.3 Solutions from spae-time atness
Under the requirement of spae-time atness, the most diret way to obtain information about the solutions
to the eld equations is to take advantage of the fat that the trae of the energy-momentum tensor vanishes:
T = G = −R = 0. This requirement immediately yields 4N2 = 3w, whih, solved for N, gives
N = ±
√
3w
2
. (48)
Needless to stress how important this relation is, and what are the impliations of the ±. It diretly gives
the exponent for the power-law behaviour of the sale fator in terms of the state parameter w.
Making use of this relation one obtains the following equations of motion for the sale fator and evolution
for the speed of light:
a(t) = a0
(
t
t0
)±√3w/2
(49)
c(t) = c0
(
t
t0
)±√3w−1
. (50)
These are to be ompared to the solution one obtains for the standard FLRW universe:
a(t) = a0
(
t
t0
)2/3(1+w)
(51)
c(t) = c0 . (52)
Let us now analyse the properties of the solutions we have just found. The rst feature one notes is that
we reover the same solution for the expanding radiation-dominated era, a(t) ∝ t1/2, but also obtain the
solution a(t) ∝ t−1/2, whih is the ontrating solution we were looking for. As for the matter era, we nd
a(t) = onstant. We remark however that the onstant solution is exatly onstant if and only if nothing
but pressureless dust ontributes as soure into the energy-momentum tensor. Even the smallest ontribution
from any form of energy (e.g. radiation) dierent from the pure dust is suient to give a varying sale fator.
Therefore, this stati solution is just an idealized and asymptoti one.
The ruial point to note is that the general solution given in equation (48) present us with two solutions, one
being the reiproal of the other. The most evident impliation is that a universe ontaining any given mixture
of dust and radiation (with one dominating over the other) an be either in a ontrating or in a expanding
motion, and whih of this two motions is atually taking plae annot be told by estimating the ontent of the
universe, beause the same w is ompatible with both solutions. So, for any given equation of state, one always
has two possible solutions for the state of motion of the universe, a ontrating one and an expanding one.
On observational grounds, one ould think that the motion eetively experiened by our universe is that of
an expansion, but one would then be forgetting Table 1, whih tells us that both an expansion and a ontration
are pereived as an expansion by a onstant-c observer. Indeed, the apparent rst derivative of the sale fator,
A˙, is positive for any N . But if both thermodynamial and kinematial observations annot tell an expanding
from a ontrating universe, does it make any sense at all to distinguish between the two solutions?
The answer is that there atually is a kinematial way to tell one solution from the other, but it is not
related to the rst derivative. Rather, the imprints of a ontration are to be read from the apparent seond
derivative. Looking again at Table 1, we see that if N < 0 or N > 1 then the apparent seond derivative turns
out to be positive, while for 0 < N < 1 it is negative. Observations tell us that A¨ > 0, so that our universe
is now a mixture of dust and radiation-like matter and is undergoing an aelerated ontration powered by
energy-pressure. That is how the puzzle of the aeleration of the universe beomes the only instrument we have
to tell in whih phase, expanding or ontrating, the universe presently happens to be.
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6.4 An eternally bouning universe?
It is interesting to speulate on what the global history of suh a universe ould have been and what its future
may be. A possible senario is that of a universe undergoing an eternal yle of suessive expansions and
ontrations. This is similar to what happens in the standard FLRW universe with a positive spatial urvature,
but with the two main dierenes that here the universe is both spae-time and spatially at, and that the
evolution law for the sale fator is not a yloid but rather a power law with a varying exponent.
To give a brief qualitative desription of suh possibility, let us start from a hot and dense universe where
radiation dominates. One the radiation era starts, the universe expands aording to the well known power
law a(t) ∝ t1/2, with the exponent dereasing as the expansion ools the universe until pressureless matter
dominates over radiation. In this phase the expansion beomes very slow (the exponent tends to zero).
Sine pressure is ever dereasing, general relativity approahes a Newtonian behaviour, where mass density
generates what looks like as an attrative fore. For some reason (e.g. beause of substantial deviations from
a pure homogeneous and isotropi senario), the expansion might eventually stop and an almost-lassial on-
trating motion ould begin. Suh motion is desribed by the same power law but with an exponent of opposite
sign. Aording to this almost-Newtonian behaviour, the ontration aelerates more and more (exponent in
the power law inreasing more and more as the universe ontrats), until the pressure regains his role in the
game.
Eventually, the universe enters a new radiation-dominated era and, aording to our solution, the exponent
N stabilizes to a value equal to −1/2. The now onstant but steady ontration will nally ause the matter
density and the pressure to reah suh high values that quantum eets beome important and lassial general
relativity loses its fundamental harater. Possibly, during this quantum era, the universe may experiene a
sort of Big Crunh followed by a new Big Bang whih makes the yle to start again.
6.5 Evolution of a(t) and c(t) and some related speulations
Given that gtt = χ
2 = 4N2c2(t), that equation (48) implies
w ∈ [0; 1/3] −→ N ∈ [−1/2; 1/2] (53)
and that
c(t) = c0
(
t
t0
)2N−1
,
we nd that both gtt and c(t) are non-inreasing funtions of t for any N ∈ [−1/2; 1/2]. In Table 2 a summary
of the asymptoti evolutions of c(t) and a(t) in both the ontrating and the expanding phases is given.
a(t) c(t)
Expansion Contration Expansion Contration
w = 0 t0 t0 t−1 t−1
w = 1/3 t1/2 t−1/2 t0 t−2
Table 2: Evolution of a(t) and c(t) for w = 0, 1/3.
An interesting feature is that, for the radiation-dominated era in the expansion phase, we reover the
standard FLRW osmology: a(t) evolves as t1/2, 4N2 = 1 and c(t) is onstant. The FLRW model mathes
then with our model during a small but important part of the history of the universe. Most importantly, this
guarantees that the desription of the post-inationary early phases of the universe in our model is preisely
the same of the lassial FLRW desription. For instane, results onerning the BBN are not aeted by a
varying-c as c(t) does not vary at those high energies in the present model. Note that this is the opposite of
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what happens in other popular VSL models, where the speed of light often varies only at very high energies
(during a phase transition).
Apart from this brief period where c(t) is asymptotially onstant, the speed of light is a dereasing funtion
of time. c(t) varies aording to a power law with the exponent ranging from the idealized value of 0, during the
radiation-dominated expansion phase, to a maximum value of -2, during the radiation-dominated ontration
phase. This guarantees that any given part of the universe was ausally onneted to any other dierent part
at some moment in the past. No matter how far two points in spae are nowadays, one an always nd an early
enough time when these two points were ausally onneted. In this model there is no horizon problem.
Another uriosity we wish to address is that for N =±1/2  that is, during the radiation-dominated eras 
we have χ(t) = c(t) so that one reovers the usual line element ds2 = c(t)2dt2 − a(t)2 ~dr2 (usual in the sense
that c(t) appears instead of χ(t)). This suggests the possible existene of an interonnetion between the fat
that photons (massless partiles) travel along null geodesis, the fat that they travel preisely at a speed equal
to c(t) and the fat that the pressure of radiation is equal to 1/3 of its energy density. In fat, if any of the
previous things is hanged, then the other two will hange as well: all three are onomitantly true or false.
Suh result suggests that some properties of massless partiles may have a osmologial origin.
The dust-dominated era is not less intriguing: given that χ = 4N2c(t)2 → 0 when N → 0, we have a sort of
osmologial indiation that massive partiles have smaller speeds with respet to the loally measured speed
of light. It is tempting to use naïve kineti theory to transform the line element. From the usual formula:
p =
1
3
ǫ
c2
(v
RMS
)2 (54)
we obtain
w =
1
3c2
(v
RMS
)2 (55)
that, one substituted into gtt = 4N
2c2(t), making use of N2 = 3w/4, gives
gtt = (vrms)
2
(56)
so that the line element beomes
ds2 = v2
rms
(t)dt2 − a(t)2 ~dr2 (57)
whih seems to suggest that partiles of any mass, depending on the idealized ontent we attribute to the
universe, an dene worldlines of null length.
Of ourse we are abusing here of the onept of v
rms
by assuming that any partile in the swarm has the
same veloity. If we however were to take all the partiles to have the same veloity (a very highly idealized
appliation of the osmologial priniple), we ould drop the rms index and what has been onjetured above
would beome a little bit more preise.
This disussion is of ourse highly speulative and would only make sense in a hypothetial universe where
one and only one sort of uid were present and where all the partiles of that kind were to travel at the
same speed. Consequently, the remarks made above are in no way not related to our universe. However, some
interesting eets ould take plae even when a more realisti ase is onsidered and this is why I have mentioned
these reetions here.
6.6 Initial onditions
We now solve the eld equations diretly to look for onstraints on initial onditions. We reast equation (27)
in the form
a˙
χ
=
a20
2t0c0
1
a
(58)
18
and use it in equation (45) with k = 0 to obtain
3
a4
(
a20
2t0c0
)2
= 4N2 kE0 ǫ0
(a0
a
)3(1+ w
4N2
)
. (59)
We see that a(t) drops out form this equation if and only if 3w = 4N2, whih is preisely the solution to
equation (48). In this ase simpliations yield
3 = (4Nt0c0)
2kE0ǫ0
that an be reasted, for instane, into
t0 =
1
4Nc0
√
3
kE0ǫ0
(60)
Using the aepted numerial values referred to the present time for the quantities involved (assuming that
suh estimations are not exessively model dependent, whih is far from being granted) one obtains
t0 ≃ 10
26÷27
N
se (61)
the interpretation of whih annot of ourse be straightforward for a variety of reasons.
For instane, with gtt depending on time, the osmologial lok is seen to tik slower or faster depending
on the epoh the observer happens to live in
11
. This is reeted by the presene of N in the denominator of
the previous equation. In fat, for N → 0 (matter era), t0 → ∞ in agreement with the fat that in this model
the osmologial lok is seen to tik slower during the matter era (gtt → 0 when N → 0).
Moreover, gtt ontains the speed of light c(t), whih has been showed to be a non-inreasing funtion of time.
This implies that, apart form the eet disussed above, the osmologial lok tiked faster in the past so
that, in a sense, t0 is expeted to be muh smaller than the value given in equation (61) From this qualitative
disussion it emerges that the value given above annot be diretly ompared to other estimations of the age of
the universe based upon a onstant speed of light (and a single-yle universe).
Note that in the ase 3w 6= 4N2, equation (59) redues to
a0
a
=
[
(4Nt0c0)
2kE0ǫ0
3
] 4N2
3w−4N2
(62)
whih implies that a(t) = onstant and therefore a(t) = a0 so that again equation (60) holds. However,
equation (27), that we have used to simplify (59), follows from the hypothesis of spae-time atness (R = 0),
that is from 3w = 4N2, so that one ould hardly give any meaning to the 3w 6= 4N2 ase.
We turn our attention to the seond eld equation (46). Using the seond of the expressions given for Grr,
we get
1
a2
[
k +
1
aa˙
d
dt
[(
aa˙
χ
)2]
− 1
a2
(
aa˙
χ
)2]
= −w kE0 ǫ0
(a0
a
)3(1+ w
4N2
)
(63)
where, by equation (27) with k = 0, the rst and the seond terms on the left hand side vanish while the last
term is onstant. Under these onditions one an reast the seond eld equation into
−1
a4
(
a20
2t0c0
)2
= −w kE0 ǫ0
(a0
a
)3(1+ w
4N2
)
(64)
11
For instane, if an observer at rest in a radiation-dominated area of the universe were able to observe the lok of another
observer at rest in the same universe, but in a far enough portion of it whih happens to be dust-dominated, then he would observe
that lok tiking slower with respet to his own lok.
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whih both in the ase 3w = 4N2 and 3w 6= 4N2 gives the same result  equation (60)  obtained from the rst
eld equation.
The fat that the eld equations do not give additional information about the dynamis was to be expeted
as we have applied two onstraints  spae-time atness and the Bianhi identities  on a system with two
degrees of freedom: the two sale fators a(t) and χ(t). In suh situations both the eld equations beome
initial onditions equations and, as is to be expeted, both give the same result.
7 Consisteny heks and preditions
The new VSL model presented in this paper is apable of solving the puzzle of the aeleration of the universe
but some of its aspets, suh as the presene of dust and radiation only or that the aeleration is only an
apparent eet must surely result somewhat unfamiliar and one ould wonder if the model is ompatible with
the relevant observative evidenes. While a omplete data analysis related to the most important observative
onstraints is evidently beyond the sope of the paper, some onsisteny heks are perhaps at order, at least
to be sure that no ontraditions, either intrinsi or related to observations, ould arise. We do not digress on
the SN data as it is evident that the presene of an apparent aeleration makes our model ompatible with
that data set. On the ontrary, there are two issues whih are to be addressed with are: the ritial density
for the model, whih is an internal onsisteny hek, and, as antiipated at the end of setion 5, the relation
with the variation of α
em
, whih an be onsidered the only observative evidene whih is somewhat related to
a varying-c.
7.1 Critial density
We have already emphasized that only dust and radiation are needed for our model to exhibit an (apparent)
aelerated expansion. No dark matter
12
, let alone dark energy, are needed to explain the aeleration of
the universal expansion, whih was the main issue we wished to address. However, in our analysis we have
also assumed that the universe is spatially at and this implies that the energy-mass density must be ritial
aording to equation (38) (with k set equal to zero) that we re-express for onveniene as
ρ
r
=
H2
24πGw2
. (65)
This ritial density must be ahieved without invoking exoti forms of energy as these have not been
introdued into the model. At rst this may seem to be a fatal shortoming for the model as the average
baryoni plus relativisti matter-energy density of the universe is observed to be around the 4% of the standard-
osmology ritial density ρflrw
r
= 3H2/8πG implied by the standard Friedmann equation. Things worsen if
one onsiders that, for a dust-dominated universe, ρ
r
given by equation (65) is greater than ρflrw
r
. Indeed one
nds that
ρ
r
=
1
(3w)2
H2
H2
flrw
ρflrw
r
. (66)
From
a(t)
this model
= a0
(
t
t0
)±√3w/2
; a(t)
flrw
= a0
(
t
t0
)2/3(1+w)
(67)
follows
H2
H2
flrw
=
3w(w + 1)2
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(68)
and therefore
ρ
r
=
3(w + 1)2
16w
ρflrw
r
. (69)
12
Dark matter is not exluded as a further ontribution to the energy-momentum tensor for the model.
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The last relation shows that ρ
r
= ρflrw
r
for a universe lled with radiation
13
but ρ
r
> ρflrw
r
when dust
dominates. After a loser inspetion however, it beomes lear that things are a little more ompliated. In
fat, the ritial density is alulated from the estimations made on the Hubble parameter H ≡ a˙/a whih,
however, has an apparent ounterpart H
app
≡ A˙/A whose interpretation should be obvious by now: it is H
app
and not H that is inferred from measurements and is therefore inorretly used to determine what indeed is an
apparent ritial density. By means of H , we must now alulate the real ritial density whih is what is to
be ompared with other (redshift-independent) estimations of the matter density to hek whether this model
is onsistent with observations or if it neessitates a generalization to inlude other forms of matter-energy in
order to ope with observative data.
A onvenient way to follow is to alulate the ratio between the ritial density as it appears from observations
and the real ritial density, that is, the matter density whih is atually needed to have a spatially at universe.
The omputation is straightforward and yields, for the present time
14
,
ρ
r
ρapp
r
= 3w (70)
whose order of magnitude may range from 10−1 to 10−4 depending on several issues as, for instane, neutrino
ontribution to the present-day energy density and pressure. In other words, the true ritial density is a
fator 10−1 to 10−4 smaller than the estimated value. This broad range is in a qualitative agreement with the
above-mentioned 4% disrepany.
Summing up, we have found that a determination of the ritial density made by estimating the Hubble
parameter leads to a large overestimation during the matter era. Muh less mass-energy is needed to have a
spatially at universe with respet to that suggested by the measure of the Hubble parameter. This nding
makes the model internally onsistent and provides an elegant solution to the problem of the missing mass/energy
with no need to resort to hypothetial forms of matter/energy. We have onstruted a spatially-at, normally-
populated, apparently-aelerating universe.
7.2 Present-time density ontribution from relativisti matter
Equation (70) predits the existene of a ontribution from relativisti matter to the present-time matter density
and allows to obtain a rough predition of its value. This ontribution is neessary for the model to be self-
onsistent. We assume that there is no need to introdue any dark matter into the model and denote with
Ω
n
the observed fration of the normal matter density ρ with respet to the atual ritial density ρ
r
. The
urrently aepted value for Ω
n
is Ω
n
= 0.04. If the universe is spatially at the observed matter density must
be equal to the apparent ritial density, so that
ρ
obs
= ρapp
r
(71)
must hold. From equation (70) it follows then that it must be
3w = Ω
n
(72)
whene
w
today
≃ 0.013. (73)
Given that for relativisti matter p
rel
= ǫ
rel
/3, we nd
w =
p
ǫ
=
ǫ
rel
3ǫ
tot
(74)
whih, ombined with equation (72), gives
ǫ
rel
ǫ
tot
= Ω
n
(75)
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This further onrms that, as we had found previously, the FLRW model and this model are indistinguishable during the
expanding radiation-dominated era.
14
For arbitrary times the solution is 3w(t0/t)2(
√
3w−1)
.
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The last equation tells us that the present-time ontribution of relativisti matter to the total matter density
is predited by the model to be of order 4%. Suh ontribution must originate from normal (i.e. well known
and observed) relativisti matter and the optimal andidate for this role is the neutrino. Given the unertainty
about neutrino masses this 4% ontribution is well within the observative bounds. Atually, the previous result
may be of help in determining neutrino masses and number densities from osmologial measurements but a
more extensive analysis is beyond the sope of this paper.
7.3 Connetion with the α
em
results
As antiipated at the end of setion 5, the existene of the apparent eets disussed throughout the paper relies
on the assumption that the α
em
results do not have a large impat on the evolution of emission frequenies.
In this setion we disuss this issue and show that our results are orret whatever the evolution of α
em
. We
also disuss whether the variation of α
em
an be explained in terms of the variation of c only. As we are about
to see, this problem is in general ill-posed but if we speialize to the units/frame we have adopted, we nd
that the variation of α
em
indued by that of c is muh larger that the observed one. This nding fores us to
onlude that in our ase e and/or h must also vary. Note that this fat has no impat on the results that we
have obtained so far as these are not aeted by the evolution of h and/or e.
We rst point out that, ontrary to what one may be led to think at a rst glane, the variations of c(t)
and of α
em
do not neessarily imply eah other. Indeed one may think that, sine α
em
= e2/hc, if c varies a
variation of α
em
is to be expeted as well. This rst impression is wrong. As realled in the introdution, α
em
is
a dimensionless quantity so that its variation (or non-variation) is independent from the units hosen. On the
ontrary, whatever the behaviour of α
em
, one may hoose the units/frame so that c (and/or e and/or h) vary
or remain onstant
15
.
Given that α
em
∝ e2/hc, we have
α˙
em
α
em
= 2
e˙
e
− c˙
c
− h˙
h
(76)
whih, if the dependene on time (or redshift) is linear, beomes
∆α
em
α
em
= 2
∆e
e
− ∆c
c
− ∆h
h
(77)
From this relation one sees that α
em
may remain onstant and nonetheless c may be time dependent, if its
variation is ompensated by that of e and/or of h. Vie versa, c an be set to a onstant by an appropriate
hoie of units/frame while α
em
ould vary as a onsequene of the variation of e and/or of h. This remains
true in general, even if the dependene is not linear. It is beause of these arguments that we armed that
the question whether the variation of α
em
an be explained only in terms of the variation of c is ill-posed: it
all boils down to the hoie of units/frame
16
. Speifying some units/frame gives a meaning to the issue and we
will verify what happens in the units/frame adopted here at the end of this setion.
A somewhat related issue is the inuene of a varying-α
em
on the results that we have obtained so far: an
a varying-α
em
aet our ndings in some way? As explained in setion 2, we have adopted the frame in whih
the emission/absorption frequenies, as seen by an observer at rest with the osmologial uid, are the same at
any osmi time. It is not diult to see that this remains stritly true even if α
em
is evolving with osmologial
time. This is beause the emission/absorption frequenies are dimensional quantities and have the dimension
of the inverse of time. It follows that, even if α
em
is a fator appearing in the theoretial expression for the
emission/absorption frequeny, it must appear multiplied by an appropriate dimensional fator in suh a way
to reover the orret dimension. Suh a ombination will therefore be dimensional and as suh will depend
on the units/frame adopted: even if α
em
is present, one will always be able to x the overall expression for
the emission/absorption frequeny equal to a onstant. This is preisely what we have done upon hoosing the
15
Of ourse, if α
em
is onstant, a variation of c must be ompensated by a variation of e and/or h.
16
Some may onsider this argument self-evident but there are still physiists who ask whether the observed evolution of α
em
is
ompatible with this or that model. They do not realize that the point is meaningless.
22
frame adopted in the paper. The ruial onsequene of these arguments is that any evolution or non-evolution
of α
em
is ompatible with our model. Alpha results alone an in no way onrm or falsify it.
We next examine what is the variation of α
em
indued by that of c(t) obtained in the paper. We assume for
the moment that h and e are onstant and will hek this assumption against the α
em
results. We denote the
said quantity with (∆α
em
/α
em
)c : (
∆α
em
α
em
)
c
≡ ∆αem
α
em
indued by c(t). (78)
Assuming that the variation is almost linear would be too rough an approximation so that we do no use
equation (77) and alulate the evolution diretly. Observative results are given in terms of ∆α
em
/α
em
whih is
dened as
∆α
em
α
em
≡ αem(z)− α0
α0
(79)
where α0 ≃ 1/137 is the present-time value of the ne-struture onstant while αem(z) is the value it assumes
at redshift z. With e and h onstant α
em
∝ 1/c so that we obtain(
∆α
em
α
em
)
c
=
c0
c(t)
− 1. (80)
Using equation (50) we nd that
17 (
∆α
em
α
em
)
c
=
(
t
t0
)1+√3w
− 1 (81)
In equation (79) z is the observed z and therefore it is an apparent quantity whih we will appropriately denote
with z
app
and whih is obviously to be dened
18
as
1 + z
app
≡ A0
A(t)
. (82)
We then need a link between z
app
and t. From equation (28), realling that N = 1−S, we nd that A(t) ∝ t1−N
and therefore
1 + z
app
=
(
t
t0
)−1−√3w
2
(83)
where we have used the ontrating solution for equation (48). Inverting the previous relation and using equation
(81) we onlude that (
∆α
em
α
em
)
c
= (1 + z
app
)
−2 1+
√
3w
2+
√
3w − 1 (84)
whih an also be expressed as
α
em
(z
app
) = α0 (1 + zapp)
−2 1+
√
3w
2+
√
3w . (85)
This is the variation of α
em
indued by the variation of c(t) obtained in the paper.
Note that we have assumed throughout that w is onstant over the time interval where the measuraments
have been performed. This approximation is justied as follows. Using equation (73), we nd that
− 21 +
√
3w
today
2 +
√
3w
today
≃ −1.1. (86)
Going bakward in time in our ontrating universe means approahing the asymptoti value w
mat
= 0 for
whih one gets
− 21 +
√
3w
mat
2 +
√
3w
mat
= −1. (87)
17
In equation (50) we are taking the minus-sign solution beause in the present time the universe is undergoing a ontrating
motion.
18
Reall that what instruments measure is a frequeny shift, see disussion in setion 5.3.
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It then follows that the assumption w=onstant is well founded. Given that in this setion we have used the
ontrating solution, the results presented are only valid as far as one looks bak no further than the start of
the ontrating phase.
If for z
app
we use the mean of the redshifts used in [15℄, that is z
app
≃ 1.75, and again equation (73), we see
that the variation of c(t) alone would imply a muh greater variation of α
em
with respet to the observation:(
∆α
em
α
em
)
c
≃ (2.75)−1.1 − 1 ≃ −0.67 (88)
or
α
em
(z
app
= 1.75) ≃ 0.33α0 . (89)
Comparing this result with the observed value [15℄(
∆α
em
α
em
)
obs
= (−0.57± 0.10) · 10−5 (90)
we onlude that, in the units/frame adopted, h and/or e must also depend on time. We stress that this fat
has no impat on the osmologial results we have obtained in the paper as none of them is aeted on the
evolution of h and/or e.
8 Summary
In this paper we have developed a new varying speed of light model and have attempted to nd an explanation
for the aeleration of the osmologial expansion whih does not have to resort to the introdution of exoti
(and so far unobserved) forms of energy or of a osmologial onstant.
The model is based on the reonsideration of the most general form of the metri when the speed of light is
allowed to vary. We have found that, if we want to asribe the observed redshifts to and only to the dynamis
of the spae, it is onvenient to work with a partiular time dependent gtt. Appealing to general ovariane to
perform a oordinate transformation and obtain a metri with a onstant speed of light, while of ourse possible,
has the drawbak of destroying the above-mentioned property. On the ontrary, working with the units/frame
employed in the paper ensures that any given emission/absorption frequeny is the same at any given epoh of
the past and today, whih learly is the prerequisite to diretly ompare frequeny shifts and to intepret them
as purely osmologial in origin.
We have argumented that the spae-time urvature of the universe, here represented by the Rii salar,
annot have hanged during its history. Naïvely, this an be justied beause, by denition, the universe has
nothing external to interat with, and therefore annot exhange energy-momentum. As a partiular ase, we
have assumed that the Rii salar vanishes. Our hoie is ditated by the fat that the lassial universe is
believed to emerge from the quantum universe in a radiation-dominated state so that the trae of the energy-
momentum tensor, and therefore the Rii salar, must vanish, whatever the model. This is equivalent to
saying that, in a sense, the lassial universe has ome into existene with no net spae-time urvature. It is
to be noted that the same requirement annot be made in the framework of standard FLRW osmology as it
would orrespond to imposing the equation of state for radiation at any time, whih would learly ontradit
the observations. In our model, instead, this is not a problem beause xing the Rii salar does not x the
equation of state.
We have shown the existene of the possibility that the observed aeleration of the osmi expansion is an
apparent eet indued by the observer not taking the varying speed of light into aount. This eet arises
beause instruments measure frequenies while the dynamis of the universe is represented by the evolution of
wavelengths and the former does not evolve as the reiproal of the latter if the speed of light varies with time.
Upon deriving and solving the new eld equations for the spatially-at ase we have found that both a(t)
and c(t) evolve aording to a power law. For any admissible matter ontent  in our ase for any w ∈ [0, 1/3]
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where w is the usual equation of state parameter w = p/ǫ  the new eld equations have both an expanding
and a ontrating solution and the two solutions are one the reiproal of the other. More preisely, we have
found that the sale fator evolves aording to a(t) ∝ tN where N= ±√3w/2.
At a rst glane, a ontrating solution seems to ontradit the fat that we observe redshifts and not
blueshifts but it is not so beause at xed w the model predits that an observer who is not taking the
varying speed of light into aount will observe the frequenies redshifted exatly by the same amount for both
the expanding and the ontrating solutions. This implies that the ontrating solution is not ruled out by
observations but, as a onsequene, it also means that the fat that redshifts and not blueshifts are observed is
not suient to disriminate between the two possibilities. Fortunately, the sign of the apparent aeleration is
found to be dierent for the two mentioned states of motion. Thanks to this fat, we have been able to onlude
that the observed aeleration implies that the universe is presently undergoing a ontrating motion. That is
how one of the most tantalizing puzzles of modern osmology, the aelerating universe, might turn out to be
the only way we have to disriminate between the two possibilities and determine the atual state of motion for
the universe.
Some onsisteny heks have been performed. We have found that the new ritial density is inside the
observative bounds for dust plus relativisti matter density, and therefore there is no need to add hypotheti
forms of matter/energy. We have also veried that in the units/frame adopted, the evolution of c(t) implies a
variation of α
em
whih is muh larger than the observed one. Contrary to the ommon belief, we have shown
that this does not represent a problem but just implies that, in the units/frame adopted, either e or h or both
must evolve with osmologial time together with c(t). As e and h have no role in our omputations this fat
in no way aets our results.
We remark that our ndings have been obtained by onsidering the presene of dust and radiative matter
only. No exoti forms of dark matter/energy or even a osmologial onstant are to be introdued for the model
to reprodue the observed evolution. This appears to be a very important feature as, despite the enormous
eorts and investments, none of the mentioned forms of matter have been diretly observed so far, nor has the
osmologial onstant reeived a satisfatorily theoretial explanation.
Now we have a VSL model whih desribes a homogenous, isotropi, spatially-at, normally-populated and
apparently-aelerating universe. Suh a model is learly interesting by itself but there an be little doubt that
it an be improved in a variety of ways. The ases of a spatially-urved universe and that of a double-omponent
(dust and radiation) uid are its natural extensions and we will investigate suh possibilities in forthoming
researh work.
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A Proportionality between the sale fator and wavelengths
Doubts have been posed as to whether the sale fator is proportional to wavelengths in the model proposed as
it is in standard osmology. Even at a oneptual level these doubts sound unfounded as the dynamis of the
sale fator is nothing but the strething of spae. This is preisely what auses the strething of wavelengths
so the two quantities evolve in the same way just beause, in a sense, they are the same thing. At any rate, in
this appendix we provide a formal way to see this.
Consider the travel of a light ray from a distant objet to an Earth-based instrument and two suessive
rests denoted with 1 and 2. The spae separation between the two rests is one wavelength and the dierene
of emission times is the inverse of the emission frequeny. The relation linking the two quantities at the time
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of emission as well as at the time of reeption is λ(t)ν(t) = c(t). Instant by instant a given light ray will follow
a null geodesi for the metri given by equation (5). If we onsider the radial path from the emitting objet to
the reeiver on Earth, we an x the angular oordinates to obtain
(c+ tc˙)2dt2 − a2dr2 = 0. (91)
where a(t) and c(t) depend on time. Integrating equation (91) one gets:
∫ t
re,1
t
em,1
c+ tc˙
a(t)
dt =
∫ r
re,1
r
em,1
dr = r
em,1 − rre,1 (92)
∫ t
re,2
t
em,2
c+ tc˙
a(t)
dt =
∫ r
re,2
r
em,2
dr = r
em,2 − rre,2 . (93)
Assuming that both the emitting objet and Earth are at rest with respet to the osmologial uid, it
follows that the two radial omoving oordinates for the emission of rest 1 and rest 2 are equal, and the same
is true for reeption. Subtrating equation (93) from equation (92) one gets therefore
∫ t
re,1
t
em,1
c+ tc˙
a(t)
dt −
∫ t
re,2
t
em,2
c+ tc˙
a(t)
dt = 0 (94)
or ∫ t
em,2
t
em,1
c+ tc˙
a(t)
dt −
∫ t
re,2
t
re,1
c+ tc˙
a(t)
dt = 0. (95)
Using equations (48), (49), (50) and integrating we get
c0
a0t
N−1
0
(
tN
re,2 − tNre,1
)
=
c0
a0t
N−1
0
(
tN
em,2 − tNem,1
)
. (96)
Rewriting tN
re,2 as
tN
re,2 =
t2N−1
re,2
tN
re,2
t
re,2 (97)
and the same for tN
re,1, t
N
em,2 and t
N
em,1, and using again equations (48), (49) and (50), we obtain(
ct
a
)
re,2
−
(
ct
a
)
re,1
=
(
ct
a
)
em,2
−
(
ct
a
)
em,1
. (98)
Given that
c
re,2 = cre,1 ≡ cre; cem,2 = cem,1 ≡ cem (99)
a
re,2 = are,1 ≡ are; aem,2 = aem,1 ≡ aem (100)
we get ( c
a
)
re
(t
re,2 − tre,1) =
( c
a
)
em
(t
em,2 − tem,1). (101)
Using
c
re
(t
re,2 − tre,1) = cre/νre = λre (102)
and the same for emission, we nally obtain
λ
re
a
re
=
λ
em
a
em
(103)
that is, λ and a are proportional as we set out to prove.
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